
i

By

Bhupin«ter Kaur, M 0 Sc.

CBRTIFlCATg

Thl® is t# «rtify that (Mr*. ) Bhupiniar Kaur

visian sine® f®fe\sary 1981.

APPLICATION OF LIE THEORY TO SPECIAL FUNCTIONS OF

mathematical physics

Dx® F. N. Shriva stava



DECLARATION

I here by state that the work 'Application 0 f Li

SpeciiLfecti^ M3th erratic a 1 phvs tc

~'

ha, been done by me and to the best of my knowjed^"
a similar work has not bf en done anywhere So far>

Bhupinder K&ur

Ackhc^ledgement

1 eXpre5S rr,y deeP^st ~^n se of gratitude to Dr.
P *N ' Shrivas tava

, Reader, Mathematics Department,
BundelKhand University for his inspiration, competent

guidance end abounding interest in the preparation
of this thesis. Without his valuable suggestions, it
would not have been possible for me to accomplish
my p urp os e

.

I am indebted to S»t i JWjgte _
Principal, BundelKband college, Jha nsi for extending
all the facilities daring the period of study.

W Sp 'Clai thankS a” duf t0 Dr - B.M. Agarwal
, ^ad

of Oeptt. of Mathematics, K.R.G. College, G«uior for
his kind concern and helping attitude*, i am also
grateful to Mrs. Renu Jain, Deptt. of Mathematics,
Murar College, Gwalior for her cooperation.



I am highly obliged to Prof. W. Miller Jr. School of

Mathematics, University of Minnesota, Prof • H.L. Manocha

Depit', of Maths, I.I.T- New Delhi and other senior

Researchers for arranging liberal and swift supply of

reprints which rendered (fie invaluable help in continuing

my research work. My Self and my supervisor are also

thankful to Prof. W. Miller Jr. for personally going

through some of manuscripts of this thesis and rendering

valuable suggestions in certain cases when my supervisor

Dr. Shrivas tava met him during the conference "Constructive

Function Theory 86" held at Alberta University, Canada

during July 1986.

I would be failing in my duties If I do not express

my most sincere thanks to my parents who have been a

constant source of inspiration in my life. At last.

T should thank my husband who has been very helpful

whenever required in the most arduous hours of studies

.



PREFACE

In the present thesis I have endeavoured to civ©

Lie theoretic approach to various special functions.

The thesis consists of ten chapters each divided

into several sections (progressively numbered .1.1,

- ,2 > ••)» Refrenccs to the literature axe

given ‘in full at the end of each chapter, In the text

they have been reffered to by putting within the

squai e brackets, The result in the text have been

numbered serially section and chapterwise e.g. (2.3.6)

means sixth result of section three of chapter two

.

Bhupind er l<aur
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CHAPTER - I INTRODUCTION

Special functions of Wathemati cal Physics which were |

considered solutions of partial differential equation^; i. \

like we equation lap lace equation, diffusion equation /
;

etc. have been studied by differ first authors In different

ways. Harry Bateman (1882-1942) is considered to be one

of the foremost mathematician who made a critical study

of the subject.

Apart from the application of special functions in

Physics &nd engineering, we find that the study of"

the subject in theoretical direction is very interesting

and has engaged a number of mathematicians for more than

a c entur
y

.

.

A great ammount - of work has been done on the study

of classical polynomials namely leg end re’s polynomial, / I

Herpute polynomial
,
laguerre polynomial

, J acobi
|

I

polynomial etc. The polynomials and functions obtained

after generalising these polynomials have been a fertile

field to the research workers in recent days. Another

stream in which the study of special functions has been

made is the hypergeometric functions. The generalised

hypergeometric functions £ , £ and H functi ons, and

functions of several variable have also been studied h
•

'

;s„;

and a lot of work is now available on these functions. f

With the advancement of knowledge in the field of ij

special functions, it ha.s been the approach of pasir — I

r *"
I

year ^research workers to search new and easy approches

to establish new results and to give £asy methods to

obtain certain already known results. In an attempt
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in this direction, gr 0up theory, has been found to have

an important role. This approach is better known as Lie

theoretic method ; Hie first significartt advancement

in this directi on was made by L* Weisner (1955, to J95°)

C560 (57) (58) who exhibts the group theoretic significance

of generating functions for Hypergeometric, Hermite and

Bessel functions. Then Willard Miller, Jr. (1968) 00)
and E.B. Mcbride (1971

) (36) presents weisner's method,m a systematic manner and there by lay its firm foundation.
Miller’ (1968) also extends Weisner’s theory further by

relating it to factorisation method, originated by

Schrodinger and. due to its definitive form to Inf eld and

Hull (1951) (25). Kalnins, E.G., jv^nocha. H. L f and Mi ller
Jr- W. 0980,1982) (27,28,29) studied Lie Algebraic

characterizations of^ two variable Horrrfunc tions . In 1

the process they evolved a method, for obtaining generating
functions by expanding a two variable Horn-functions

in terms of One-variable hyper-geometric functions. *

0thfrrs
’ those^contributing in this direction arc ftyrwaL \

B.M., Chatter j ea S.K., pa than M-A.and their team of

workers.

In the Present thesis the author* have mainly used

Weis tiers method with the use of Miller’s technique,

where ever required in obtaining generating functions

for a clans of functions .which are mostly the generalisations
|

of usual classical polynomials. These include - Lagcuerre I

polynomials, Konhauserl Bi-Orthogonal polynomials, Gould-
|
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Hopper' s, second generalisation of Herrnite polynomials. 1

For constructing Lie-groups associated with above i

generalised functions, factorization method has been

used. Also Dynamical Symmetry algebra first used by filler

(1973) (38} has been extended to two variable hypergeomctri

c

functions and has been used to obtain generating relations

and reduction formulas for three variable hypergeometric

fun ctions . Recently Srivastava H.fA. and Manocha H. L.
? v

(1984) (42} has also given some account of Lie-algebraic

technique for obtaining generating functions is also

useful

.

The vastness and scattering of the subject makes it

difficult to give a comprehensive review of the entire

literature, however attempt has been made to deal those

aspects whi ch have direct bearing on my work, and done

in the present thesis in some detail.

1.1) Generatin g Functions : The word Generating functic

was first introduced by Laplace in 1812 . The

generating functi on are powerful tools in the investigations

of system of polynomials and f uncti ons

.

We define a generating function for a set of functions

\ 4 n C as follows; ’

•

Let C* id') be a function that can be expanded ip

powers of t such that
r ^7^

GL7L,\) -- 1 Qi ^
h-o

Where C^is a f unction of n thaif may contain the

parameters of the set but independent of x and t.

Tfien <Sdx,t)is called the generating -function of [-f wCxOj .

some of the important classes of generating functions



uch are used m the study of special functions are listed

OD
(i) QCaxt-t1

) = £_ g n ot) p
n -q

wh^rt (x Ot) has 3 formal power series;. v

(ii) £ Vtsfct) = £_ <$>„(*) -t"
1

rs -o
,^Wj*ifr e 4>( u.j has a f ormal power s eri esv

(ili) e*[> _ £_

( iv 3 Cl- t)- ^ V f - t_ -tv, (*) t"
V ( '-0V ^

'{Inhere 7(a)'-- £_ Yn (Ji" ,

Y « -#=- 0

<V) RU
> ^„C*) t"‘ - \V-

In which ftlt),'t’(t)and H(t)are expressihl e°3S
&
power'

series and many other types.

Fbe types of the above generating functions mentioned
are guided by the forms of generating functions obtained -for

special functions like Hermit* Polynomials, Legendre polynomials,
Laguerre Polynomials, Jacobi Polynomials and many other

classical polynomials. For a detailed survey of these

generating functions One can go through recently published
bocks written by Hina 6-Mcbride (1971) (36) and H .M. Srtvastava
8. H. L. Manocha (1984) (42;].

Major problem has bean search of generating functions
for a known set of polynomials and functions. MoSt of the
efforts were made in this direction during the last 30 Jears
only. The contribution/ of Tryesdel, ‘.VeisTner, Rainville are
worth mentioning

.

The method of Truesdel is beised on the study of

F~ equation, which is
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JL F C -z-,°0 = F [
-z, 0

The Rainvilles method is based on the direct summation

techniques, where as Weisner's method is based on the

factorization of Ordinary differential equations and

their application of group-theory.

In the present days group -theoretic approach has

picked up momentum and a good amount of work has been

done in this direction. However study of special
A

-functions from group- theoretic approach has been detailed

in the works of Willord Miller Jr. (38"} James D* Talman

1521 end N. J. Vilenkin (55] vastly and to some extent

Mcbrid
e (?« Srivastava- /vymocha (42] .

1.2) Group theoretic method : In the present thesis

mainly Group- theoretic approach of YJeisner has been

us ed. Weisner devised a method for obtaining generating

functions for sets of functions, which satisfy certain

conditions. Among these functions are Hypergeometric

functions (58} .

the Hermite Polynomials (57'} Bessel

functions Laguerre ancL Gegenbaue-r polynomials etc.

These functions play an important role in Quantum theory/ p
In this method we consider the ordinary differential

equation which is satisfied by the set of polynomials

or functions under consideration, from this differential

equation a partial differential equation is constructed

then we construct the non-trivial continuous group.
fr

transformations (known as Lie group
,

see Cohn [181 ) under

which this partial differential is invariant. For

constructing the group of transformations (or operators),

>/ V
•>



we require a. pair of differential recurrence relations^,

where the subscripts are non-negative integers. There, are

many methods to obtain these differential recurrence

relations still we have a powerful method, known as

factorization method, whicn W3 s origin cited, by Schrodin^fir

and given a definite form by Inf eld and Hull [25).

1 * 3 ) Factorization Method. : Actually Weisner in .1955 was

guided by the paper of Inf eld -Hull. Infeld-Hull devised

& technique of factorization of ordinary differential

equation. This technique was dev elopcdto solve eigenvalue

problems appearing in quantum theory, but has proved to
be a. very useful toot -for studying recurrence formuales

obeyed by special functions.

Both in Electromagnetic theory and Quantum theory

we are lead to the equations of the type.

1.3.1) oby
,

Y (_Y-

,

m) cU. A c- o

here VC^H^is a function which characterises a parti cutar

problem. Assuming that m is a non-negative. integer, which

is gained through separating variables, its value is restricted

by the boundary conditions. In most of the cases the boundary

conditions require further that A has discrete eigenvalues

Xo
J
A _ _ _ . Thus tile typical eigen value problem

can be represented by the lattice of points in the (.I, im]

plane. For every point on the lattice there exists a function

J i ^2-l^f__^ounclary conditions. ^ .

'"yf

The factorization method either treats the original

first order differential equation directly or replace the

an equivalent pair"
second order differential equation by



of first order equations of the form

Inf e Id-Hull explored only six possibilities and

even these six are not independent. For a detailed

procedure- One can refer to [25) or for a still modified

method to /Hiller Jr. 00} (Chapter on ’factorization

Method*
)

.

1 *4) Application of welsner’ s Method

From the above relations (1.3.2) and (1 . 3,3.)

We observe, in general, that we get a pair of differential

recurrence relations of form,-

'

and

of the form

* hen we examine, on obtaining commutator relations

for the above operators, whether
1 ,

A
,
T

"+
, T

'

J’
-form a

Lie-group. If these operators form a Lie-group, we derive

there extended forms by using Miller's technique or

otherwis e and proceed, to determine generating relations

for the functions Vjl C*).H£re we further observe that
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1.4.5) - ii
1 rv»-|J

7 X C5C-0] - Mw, ^ V^c*)
These relations are useful in getting t^e desired

\ YY\
generating functions f 0r ) (*).

1.5) Dynamical Symmetry Algebra

Willard filler, Jr.
(33 } constructed 1 2 raising and!

lowering operators E which generated a complex ] 5-diw*nsi cn*l

simple Li® Algebra isomorphic to si (4) (.£ S

o

(t)) assMiald
with hypergeometric series i F, (W,

(
3

;
V/ *), for 'this we set

1 - 5 - 1)
^(1 r

Cs
'
u4 X --T^T7 c

, A'j3tv
j

^-± o< ±jlxV

5
——

:

* ^ \ \
^ir> 1

i

* S* [_L^~t
Y

TSV^ere Fz is gamma function and "

1 T&T
j_ s

the normalising factor. Now introduce differential operator

± ^ ^
±. Y ,

E j-y fc_pnv y E ±0, +defined by ' * i- p
#
iV ;

x I pi^

E^ - s t s

^—cX
= S

^
X: ( 1 — iXr} 5 X-

-J-
~b —£ ct S — ifctL ujj

-

E
|

2
>

.

- LX (_ X i li.3 U)

|E - lx
-

'

^
j: C l "">) t *LH — Xr^^sj'

E y - ~b ^ L i

-

yr) ©> x 1 1 5 — u o1 u

j

-

- t" 1

* "2* - '-fs t + i

j
s_t

]
Ci-*\S* - 5 S> s 1

“ t _l
> 9*

- SE

-- U-t
j
ll-x) 2 * - u

E -c4 -V - S“^~' ^ X C l - y?) ^ 5t
“ Xr X o) y -+ E 5.j--

E-f^ (
-t - Ix

'^" 1

5 ^
~ yr£&s‘ -fir^x

p>y - eS xi:



^ Y ' -

1

Lokay-e. ^ - Jp—
j z.

These operators satisfy the relations

F 1 -- f r ' ol -l 1 ,L±o<
j_ <*-, j

+c<±|)(3,y

E ir (i = L, f 1 f

L I

4 y
J

+^,|Sil,y

E -j- y XbC ^
y~~' E "1

a

±<^ tv •t-rj. (L

-V -t|

• $>-Y

E ,±Arty 'U^Y

'

1 L ^ -
I

j
•+

cv-ti
J fi t

Y±]

E i (2>/fv 4*^y -V ^ If
i L*-m

J
fiv

;
(it\

,
v±i

E ,±$,±Y -Up - [_-* + )]

The upper factor in e^ch bracket is associated with

plus sign and lower with minus sign.

Finally, introduce the operators

7*--s9s
Which satisfy the relations

Xv.
~ ^

>
-Tp, ~ I-Hcx^y

Xy - Y -£sip>Y
'

i* e,
> simultaneous eigenfunctions of

Xck
)
Tjj

(
Xy * Note that these operators satisfy

the commutator relations;) —

Xy. l-cxLp.y

L. Ev ,
Eo4.^ — EoCy

;
[ E* »

Ep]-D

[
E *,£ “Jr

Ur, ELy] -- ^ Jy -J* ^If3;

<5^^® £X X] - E A and I is the identity

operator. Here ToyTfj.and do not belong to sit 1
))

but they belong to the 16-dimensional Lie- algebra



hr S & CM) ©(.i) .Thus the .12 operators E, together with

.he four op era tor s Xr "X t'orrn a basis for

iUX
Since $ilM)is the Lie algebra generated by all raising

and lowering operators, [filler has called it Dynamical

Symmetry Algebra of in anology with quantum theory. C

Use of these operators has been made by Miller to derive /

certain generating relations for 2 p

j

Being motivated by the above BM Agarwal and Renu Jain
S y /

in used the Dynamical Symmetry algebra of a P| to

derive certain results associated with Jacobi polynomials.

Also Renu Jain (2-3 has derived few generating functions

& reduction formulas for generalised hyp erg eometrie

f unc ti ons .

Brief Survey

Chapter II is devoted to the use of Lit theory

to obtain some generating functions for Lag uerr

e

polynomials L°^lXr) when both ^ and n vary.

Chapter III is devoted to construct Lie operators

associated with kpnhaus er 1 s biorthog onal polynomial

1 nU^) and to derive some generating functions

for it.

Chapter IV is devoted to construct Lie operators

associated with Konhauser's second bi orthog onal polynomial

"2LX l3t
j
Y~) and to derive some generating functions

for it.

Chapter H is devoted to apply Lit theory to

obtain generating functions for (j^
t (3>j C+ vg

>
>- ) ,

by varying denominator parameter c.
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Chapter VI and VII are devoted to use Lie operator

to obtain extension/of bilinear and bilateral generating

functions for classical polynomials and their genera lisati on.

Chapter VIII is devoted to obtain Lie. operators

associated with the generalised Bessel function
!j w ( :!, a* l»)

of Krall 8. Frink and to derive some generating functions

for

Chapter IX .is devoted to construct lie operators

associated with second generalisation of Hermit? polynomials,

°S
CX

> K) of Gould-Hopper and to use these

operators to obtain some generating relations for Cj ^(x, h)
/

. /'* i-

CnQpter X is devoted to the construction of Dynamical;

Symmetry algebra of hyp erg eometric function of two variables'

Fa snd to derive some generating relations and reduction

formulae for hyp erg eoroe trie functions of three variables.

:

iif
>rm

;

tlggi

Lit:

Illy
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CHAPTER II

Hi Op erators and Lag u err e Poly nomials_

2-°^-) Introduction ; Many authors (lj [3} have used group-* theoretic

methods to obtain certain generating relations for the La guerre

polynomials L^*) defined by Rodrigues type formula.

L“ i») =

- VI- o<-|

x . e.

't
’

./Pig:;.

Where is an ayUtrary parameter a n is a positive integer.
'

On keen observation, /t» s found that the lie operators used by

above authors either bring change inofkeeping n unchanged, or

change in n, keeping oc unchanged. Here in the present chapter

the authors have described thoses operators which bring change

in n and toge_fhfir_ and hcve obtain ed below some generating

functions for (.*0 Lj. group theoretic method.

2 * 2 ) Lie operators associated by j
*

The differential equation satisfied by ( * )

is given as

2 . 2 . 1 )

ID =. dL
A

From (2 .1-$ we obtain following differential recurrence relations {4}

2,2 *2) 3) L* (*) L u)

•2.3) l*} -*•<*-*) (V1+1) D' <-*)
h v 1— h-t

)

Replacing h by 'j
, D by JL and od by g^

m (1.2,1 ), consider the partial differential
equati on

,
2 . 2 .4 )

'ckyA
-h“t ^ u

_ 4r >fc) ^ u
h- W

ifc

ill
life

HR.
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This equation is satisfied by

- -tV L^t*;(i>

for brevity we express as

L= + -t-^1 f (. 1 -x) -2_ + y 2^

So that (1.2.4) can be expressed as

,2.4a) [_u U.'j.i) ^

2.2.5)

Now consider the differential operators

pi - y
2_ q _ _ M-> i ^s - - r -t

Q - -t-
1 t y

Then

, 2 . 6
) |_

=. fi- 12-0 +| = fl + - B?
Also we have

2.2.7) R Ct, <*>}
" ”^ ^ L.^ < * )

2 - 2 - 8
’ B L^U)} = f‘ L*

+l

)

<*)

2 ' 2-9)
<7 L^o).} - tvv7')t°

M
J

Yvrl

'"ra h’L:«) --tv r,.T
2 - 2 . 10 ) 3 jt^ n

The commutator relations satisfied by and D are

2.2.11)
t A

' BJ= - B
, [ fUj, a

L'io]-- 1 - [T &] = 8

[ D,^] - ~

Clearly, we have observe that jl ,A, B,~<?
j

and[l

^eheyotc Lot,
J
H/tou£r

.
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To find extended forms of the tr an s f ormati on groups

generated by Awe use the group theoretic methpd

by Miller (2L) . for ths t we have to solve following

equati ons..

2) ^
[a) 3 a tR

When

Hence

^ Ca)

lo
j 'j Co)

~ Ci K
a= °j y (o)=y, k=log y

h Q) = ye a

2.2.12) (e 5e|o cx fl) = 4 (. *>

To find extended forms of the transf ormati on group

gener cited by B? we have to solve following equations

a ^Cb) _ -t"y
- b fc +K

b

*C b)

When b=o x (o)=x,

-^Cb) ^ X

K=x

Id t

Hence J

2.2.13) b B) -f = +(>
To find extended forms of the transformation group

generated by ^ we have to solve following equations

2 b ( c )(i)

bC = 3

Jstco -- J J
3c + K

~b (c) ~ !j C f-K,
When c=0 t(0)=t, K=r

~b Cc) -
-t -h^ c.

’ and

(ii)
c)

3 c
a * Cc)

-i ( c)
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I
:

I

when C = 0

^
_ __.l ^ c

CO -t -v-'j c

lo x ro - Lo
^

C"t i-^c) -t K

= 0, x (o)=x, K=log *

* Cc

)

(iii) ^ - - 1410 .
u f c)

f
*%co .

* u>

1 X)CC) - -
(
^ f X+~* ^jct )

, a C 4- K.
J

-t +)jC

O u(e) . _ _n_ c + tc

(t +Hc) =- * ~h ___

When CFO, v>
( 0 )

-

WO ,
Hence

-

K = 0

c'jX

2.2.14) (^*bcO) f (*>^”0 s e -b

•4 (xrtjc t' 1

, ^ .44(0
Now to find extended forms of the transformation groups

generated by D we have to solve following equations.

. WO - tU)

3*t ( <=0

tW)
Or K

when d=0,

Henc e

ol ~t K

t(o)=t,

4:(c4)

K= log t

~t e'

2.2.15) i)4u,-j
i
i) - 4 (

*
-te

d
)

2 * 3 ) Generating functions of functions annulled by con jugate

s

of (A-n) and (D-Q
From (1.2.13) and (1.2.14) ww have

Vmm
4

Mi

»
I

.

i -

4

: 4

SSO;S
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2 * 3 * 1
) k> 4- (x^-fc)

- e^)^- c^j [x - U'j
-1

) f

-f C l+
J
c t ')

,

Put S
^ then S OS 'is conjugate of A

and S 1) S
'

1 is conjugate of D and G>L%
f b,^ )

is annulled by L, 5 ( A - vo) S
~

! and S (>’-«*)5
-

wh er"
'

%

2 . 3 . 2 )
G Cx.yt) . e blUc<5

<*)J

- e^[-cjj t
-' (_x- tty 1

)J
C\+'jcf K

j

n

'

L°i 1
U-tty-'l Ci-hh ct-oT • f,

Now consider the f ollowing .cases

Case I Put <0=0, b=l in (2.3 .2 ) then it reduces to

2.3.3) L-t*^ \J *Y u
Also

< CP)Hi m"-' 1

1

- < \ X, ' J L-
' Y\~\ J

bvo - O bit- t

o>)
^•3*4) Thus

c— 1
Vno

yv\-C Vw*~’"

V l1»)
pi-t vn.

1

V)-'r>
, to [try L„WJ= fe.12 L l J L

h£>
Thus equating (2.3.3) and (2.3.4) and replacing

by z, we get generating relations as

2 - 3 . 5
) %. ^2 L^>) __ L

-
(vl)

ba-o LlC b - Vv> ' k h

Which is Taylors expansion

Case H-put (0=1, b=0» in (2.3.2) then it reduce

to



jgjig yr -

Mill!

- 2 3

2. #3*6) tfl *Y L*>))

A is o

J

; " L°) \
* (

i

* !Jt~' )
j

tY ‘V C-

(C )

Y'Yl -o

\
Y>H

n » <?<Mi V) M I j

/

!—-o+ot i L f*)
I

V-n
J

h+-l

yrv- o

cor*) (k+i) - - (»*-*>>>}f-y^
£'"

(*)oo /

2.3.7) -

"x--o V :
^ J J L,^,

JA H- Wi

^-o
,

v ' ^ i-K-fVn y

Equating (2.3.6) and CL.3.7) and replacing 3y|_

by z, we get

2,3.8) it O’^V' l» - 0 + t)'* estbC* 2
hM Yvi

Case I II Put 0=1 in (2.3.2), then we get bfo

2.3.9) L-^c*)]

• L** Wh- -2

- €3t b
'jt"' (* -btS’O] tt+ 'd)*’ jl

• L°^ 1
Mt- ) (.

l+y t"')j

Also

e
ta+P IM” Ml

- ^ VsB f <* f Vnir 'n \ 4-'
»° / . . _ \ k-V ,

oi- ^
;a j L <*)
lrv\-o v

_ 1L f ML (r***\jf<-y«rs
M
h+w»-^ ^,.^+s

" 5^0 Mo (A l m M J L . . M)
2.3.10)

H -f'Vy’xS'

Thus equating (2.3.9) and (2.3. JO) and after

adjustments of parameters, we get the generating!

B
® Al

4
5-f"

B

r#;

relation as.



2.3.11)

WIMMWiSAm

- 2 V-

oO /

Vv\ - o
Y \y\ /

e~yc\> -7. (H

K + Vm

’ L h
[

(* ~^~ 1

) ( H-x)
j
A

Fh e g en era ti ng functi ons whicb are annuli ed

by L and operators not conjugate to A require

consideration, However, these are not discussed
here.

—

*1. Me bride E.B.

2. Miller W.Jr.

3. Jain, Sunita

4. Rainville E.D,
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CHAPTER II!

3.1)

3.1.1}

3.1.3)

3.1.4)

3.1 .5)

6 Functions for a Polynomial k )

'

Suggested by Daguerre Pol yn omial -I.

» Konhauser [1] has considered two

classes of polynomials
\j

^ ^
and z;u;p where is a polynomial

in while 2. A (*. to) is a polynomial in y
r

'

.

> and K=1.2.3

An explicit expression for the polynomials

) h (XJK) was given by carlitz [2] as

vVhere (A) M is Pochhammer symbol defined by

(A)„ - ^5^-
A Rodrigues formula. for* y ^ ( * • ^ is giVPn

by (3).

3 * J,2
> \ * CVjQ

K h - -

!

, K+
) ^ r

C* 12)
jj^ kn UL u

* c
j C

With the help of differential recurrence relations

9iven in (3]/- we obtain differential recurrence

relations for N * (x
; K) as

[( i-T>J
K
_ 1 y A (»JK) = yl-U.K)

(* J+<x + |- X-K) y* (s' K ) = Cvt-hi) K
,

V *-K
from (3.1.3) and (3.1 .4) we get the'!© 11 owing

differential equations for V ^

^ ]
(ri)to( + | -1-K)- K ( n+ l)l ,

V . <V . % \
j

• V K > '<) ^ 0

In the present chapter, we use the group theoretic
method to obtain certain generating functions -for

Ilk

m

mm -;

Mi :

mm.
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ft|r
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O'ft) X 0
3 * 2

) Lie Operators associated with "1 "n ( * ) K) . .

.

Replacing ft by f and D by |_ c^A p ^
[

jj^
in (3.1.5) we get the partial differential equation

satisfied by Ut>ft) :

3.2.1) LUU^) - [\(! -0- i

j
(_x I>+ ^ 3 _ x -K)- K-KjS

^
* U ( H jM'i

N ow consider the* "following differential operators ^

2.2
)

fl -- 3 4-j htj

B = ft / .SL_ft _±ft

^
(
% &L + p2. -p

Then -

J b 5-t
*

3.2.3) L
3.2.4) &U*.

Be- tft(R+-0

a.^.aj niy’^ y~(* ;^)] = 4*-^

6 ft ft 'ftuft) -- ftft^ •'•fft'ftn

g ft ft ft (*:, ft ^a+o^ft"*- ft
+l

.

The commutator relations are Jft
. v ^

3.2.5) ^ A t 0^3 = - ^ ^
A

,
"C =t^ ft + '

LB ,1ft]

These c ornmu tator re 1 &ti on s show th at 1 , F\, B yC,

generate a Lie group transformation we express the

extended forms of the group generated by Absolving

the following equations

.

0 1 ^ y [a)

vo-v >

c>a-

ft (ft c) x -ft-

When a=0.

^ la) i

V° a 3 (ft)
~

a =0. y (0)=y ^K=log y

.6) Thus
ft-) - ft"

t aftjl 00) J
- T (ft 3 < ft

If
ft

ft

ftBp
ill-"

f

ItMx :

?

1

The standard Li e- Theoretic technique is not applicable,

to find the extended forms of the group generated d
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by B. for this we consider
'

^

e bG
4 c*)j

-
!) t e J

,
<4 V u-iy* _{-<*)

- 1V e ^5-
; e
^-t- Ci-t»*

[ e*.r*+«i]

e*
l
'l>,

[rt(,i

C \ -i> -o
[

-•*

We have used the operational relations

Ct>) ^e.* £(.*)]= e. * ^ t"D -t i) 4-htJ

We proceed-- as .. f
u , _ K

w _
1

^ „ _+K ui„ ip-
_ z~

x bh \ e} y
T>2

- {e 'h'2
'’

- £*
-t* y" e

= e*tV e
tH/y

.vjr y.- '~2-
>

~
p2~^ [U-^)e^^ e'
wz

0>u) £
U^Z. -t

Thus

3.2.7) e ^OfJe3

-'UH
k_A . -k
<Utj1(0fe

tohe.ye L^ k
“' ‘"

~|^N

^ in.
.
mjmti a

£7 K_.

To obtain (3.2.7) we make use of the operational

relation, by Gould and Hopper K-
3.2.3) e^* = +- Ca>^3 p kf

e
tJt

]
To obtain extended form of the group generated

by we use usual Miller's
[4-] technique and

find 0 c(“f
-f- by solving

following equations

.

(i) Bttc) r t-K+l
:

l
t(c)

l •>
( nu) r„ ~

- fc+i
^ cl ~h K

i/
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- * f
"7“

I

When G=0,

t Cc)

jc t-R

t (0)~t,

K^/cf t

^ ^ ^ y
i
-* ^ c t

KP%

Qj t̂Cc)

• 3t‘ (Tc )

- yt- K
(.

1 + KJ c t-^jr
1

.
* (C)

M + -K
~f~R

0
* ^O = ^ Uj

( l+ K.J ci'^J + R.

When 0 =0
,

_X(0)=X, R=log x

Cc)
(i+ K^ t ^)yK.

(iii) 3) V te) r

~1T2~ ^ WO k

2-0.

^
^ I

- )(: (h-KHC t
~K

)

K
‘

0(0 L
J

• (j4 <yct~K)~

S^O-l 0-^— -.sc.
OCO

) I _L U /- J- — K.

X(0)=X,

I
- £ ( Hr'-OjC t

_K
)

V/

l
<-_

1<J,

• (^H
,
c) c

_H— .Sc _ [*Jt-
K ((+|o

! -t t'^ J

S 1/ U 4- — K' ^ —
_

-Jr
Og (i-t Kjct" K)— ^ o+Ky ct

K
J

7|<

When c=0, vjfoUl Rfx'
^ tl+K^^ KJ+R

JL-i

\UO
Hence

c t~KJ
/k"!

e *-*0+KycHt KKK-

3*2*9) e C<^ 4 (x,y
(0 * ()ti<^ct' KJ

/k '

£*l> f*- £{iti<yct

•-f] *(i4

3.3) Generating Functions- annulled by Conjugates of (A-n):-

We see that U(a£, YnVxjK) are solutions of

the simultaneous equations Lu=0. and Au=nu for

arbitrary n. Mow
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2 C

1
_

3.3.1)

Case I

3.3.2)

3.3.3)

y't* [ l-r

. g
- U3t u-+ Kcy-t

- C *.
> Jj)

Put S £ ^ + ^ ^ th en S fH 'is a conjugate of A
and G(x,y) is annulled by L and S ( A - in) 5 -

J

Now we consider the following c^s es

b = o s cfo,

Then (3.3.1) reduces to

eC? raVj o*;k>]
•= iT-tC (i+Kyct-^y^1

.

. ^ ( l i" K. c-t-^)
J

' [* (l+Kcy t-^)K -k.

Also
3

bv=o / ^ L ) *J

t jK

L tut)
K

( | f-Kcy t" K
J

U

OO

yy\z

~ - x >v\-|

0

to
h -V 1

XJ

v,o<-K
Vw .

K

J

OO ——
• j

C h ^') C V\ +2.)
vtr0 iro l

( Yt + »ijl

l^w, <^- h+tv. . o<-Ml<
K + M y (*;K0“ J n+w,

£3 c"*
f

"irw,\
" +1"

It, V rv, y ^ ~t
|j

M -* ^ y

) ato y

Vv\

oo

ex' - Hex K,

( K-J
Kl 4 Vne>

Vv\TSO

~t
h fW)

\ l|
hi^ V/ o(—VwK

h-f-v^
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H

Equaling the two values and after approjbrZat a

adjustments we get the generating relation as

) ( i+ Key y-Kj
'"P?"

1

,1 * - 3t£if Kcy-^

-k)Jk ^

Vn =x)

(Kf u f ^+ Vv^\
ot-VnK

L
> L - ; v h+Wic*iK)

\

replace
(. 1 -f Kx.^-£

'

-a» 2 then we get

3 3 4 f a \
~
7 ^ $6 (. I

-
% o<^ , v3.3.4(a) e

. L*. -L
\ K)

_ 7 "A-t" hi

,
t wiW^D -

K ,

N
Vn v et-hnK^

^
/ (*;k)
h+ Wi

J 7

tor K=l, it gives

3.3.4(b)
e,
^ l_z )

Vv. -so

Case II C =0,

U-°V('()
in-t-v ->

7

3.3.5)

3.3.6)

Then (3.3.1
)
changes to

[ijV v^tx.-Kjj

„ X - 4r ^ . , n . ®<

Mi

Also

„ b£>

b
n^.

K
<v ,

•

. _ 4- tutr_ kit

* (-Dm; k) .
e. a

V Vn
—

J

e*0 ..

£„£ “"n't-'nwMj
'r n Vw-| u

hi-l ot-+K. cx-fK4 b B il ,-t y ,c*;m
W\— o Lm .

L- n-|

oo ~~

,

Tty Yv> y)~Y*\ ^thK . 4+hK
£1 -f~ & 3 i ) (,;kj
Kco l!n h-k,

Bill
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3.3.7)

Equating., the .two values and after approfoy Ut<

adjustments we get a generating relation as

e x
'"d"t

K
[ ) * (-X/)

,

b ' ir*

oL f WiK.

h - Vv*

3.3.3)

f °r K-l, (3,3.7) converts into a generating

relation for Laguerre Polynomials

fe-t '•{ UL ( art - 3t\
j

%>/

b -e.
^

j 7
1

*— h

- /-t-
c J

t)
w> J_

' On

7 Vy\

b~ wi

Using the relations given below

4- Cb + ) t 4 ] _ f[t Ct>t)
. £t4

cx,y)j
__ j-

gfc.+ tSo'j)

case III :- b fo, cfo ^ * =
,

L€t Ol* then (3 • 3 • 1 ) chounges to

3.3.9) e bQ
, V n Oiio)

J oc - K+ J

- ^
h
t°

<

( I + N^f K
J .

K
•

• e
* -'y't

K
( i + !<yi- K

)

w / r> v j
1 v /

1
J o< - K+ J

K~

3®3®10) But
\qc ,

e ^ n N ,

°<

t 7 k(^
- ? °f V I *•+M t

r
h,w.s

ir0 i ^ ) U 7 J •

t*.
c< — -V

In the same waY as
_

We have donAt*(1 . 3 . 3 ) and

(3.3.6).

Equating the two va.lu.es and after appropriate



adjustments we get a generating relation as

_ e
^-^-t K O+^y-b-Kj

•IV r_-w\o

h-t Vh ot-^K-IrKi

( *JK)
Wv -v vn - s

gives

Vn-V Vvj
©c*-Vy\ -f-

S

rn-t-Vi- S

On simplifying more it turns to

Y\ + W)

1—* 1^+ h"3
13) we have used the followingTo obtain (3

Some oth er Generating Relations for

(h) H.M» Shrivastava [3) has given recurrence relation

as follows:

• J) (*& * <*- X + U) V H Cx:K.)

- ^ Ci'+0 1 n
So we consider the operator



"
- **

33 -

for which

3.4.3) Cc ~*

L^' V n U:k)]- kc^+O 'f ^ c*;k.)

mt extended forms of the transformation group

generated by is

3.4.t)
-! Ci-

1 _
“

“k

i -
(,

( - icc y ):/M .)Z

)

3.4.5) But
n

v, °r
• V 1 U;k

,
OO

k £.
Vy\~ o

h + Hi

) (ck-v
TO \i

n + Cn
UiM

Equating both values of ec
C

f^*^)jand
making appropriate adjustments we get a. generating

relation as

3-4.6) (|- t
)-f-±)-6

^
X { I - U

j

("CK.C.om)
special ca se :- for K=l, (3.4.6) reduces to

,4,7)
~ t

« L ^ 1 1-

1

-- €.
(

v^ h
) I

* c*)•^--0 ^ ^ j • L
LB) Following recurrence relation is also given by[3}

3 * 4 * 8
) ( T> - 0 V *

( * ' VO - \y )^ 1
CxjK)

Let us consider an operator

3.4.9) C _ u JL. _ 4H J P>X: J

j K)

Such that

3.4.10) C,
4 \j

-*

, K 04 J \ cx;k)

Then the extended form of the group generated by C
r

is

3.4.11) ecCl b^v:u;K)y-. e
-^

Jt

8E

!i

f
1

I

3

I

B

‘V



J .4 . 12 ) Als

o

3.4.13}

3.4.14)

>Y r, v; w *)j

02
r m Wrv

- s c
f _ n ^ v °^t ^

h^To to
C } \ )

Equating the two values and making

adjustments we get

e^. yl (x + t:K).?

°<
-f l>T

ng appropriate

<£.
( ~ t~ )

^
y

°<+ v'i

ho-o ^-62 n

where t=yc

§Ei£i£i_£BH : " fpr K =1, (3. 4, 13) changes to

a relation for Lagguerre polynomials

e"
t

. L°l (^•+t ) - £_
Vr\-o

• t) ^ i
«<-v wi

iST L i*>
J
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CHAPTER IV

JHgl ynonii als - xx

.

^ 1} mi^WCTI^I : Konhauser £1} has considered two clashes

of polynomials )*&)£) and Z^UC;K)
vdiere V^(2 ;

K) is a polynomials i n X while ( * \ K)
-is a polynomial in * \ cxp>_, and k = r

F°r K =
-1

’ these polynomials reduce to the La guer re

polynomials (*)

111

4 -
1 . 1 )

A-n explicit expression for the polynomale Z*
was given by Konhauser in the form Q]

Z* (.*'> K) = ~T Kn^T l ^ ( ,y / ? ^
x ^ ,

1X2—
J = D

j /TkJ^+)
Tree hypergeometric representation for "Z^ C-a^K)

is given by

s z*«;»9

zT rejK.) Kn r
i

r«
. in

* *=<+*)

* -IT ’

ZtiZ IX

4.1.3)

4 1 • zl '“ * .1. Q *~t
J

With the help of differential recurrence relations given
m [2], we obtain differential recurrence relations for

2C,(*)K) a>

O'
-
*4 Z* U;K) = -)<-. zZ^R)

[
zT Lx***-) - Z* Otj K.)

• Ci+ 0 "zT'^Ck-)
m-tr

'

From (4.1.3) and (4 . 1 . 4 V Wg np+ +.4 * , y .

'

; 9 - 1 xno rol Iwwing
. J

equations for Z.^ Dtj Kc)

4.1.5) f
*’*'H r z* (*; K-)^j = ** (jtD - icn) z* re; k)

I



~3 i~

' W

In the present note we shall obtain generating relations for
Oj'

s ^ ^

Z, C 36 ^
usinQ Q.Toup "ih^opy*

4 * 2
) Li e operators associated with Z^_Cx j K) i

“

Replacing n by
y ~~and D by 2-L in (4.1.5) we <^et

the partial differential equation satisfied by

g*;kj as

4.2.; , Lu.(*,5) = zX)

-
3t°^ (

_ ^ ay) ^y °

Now consider the following differential operators.

4 • Z . Z ) A\ s*e - c,

J 34

r 1

*
l-K

^ ^ /w. °^'t lO

Then
-y*

4.2.3) L B +K- fl

Also we have

4) R [tj
n

, At = 04 K}

b iz.

^ IP- Z.* Ot;Kj| * 0+0 Z^tsiK), ^-*-1

The commutator relations satisfied by A, B and ^ are

2 - 5)
• LA, lij B

,
[A, q] „ ^

u J ^
These commutator relations show that 1 , ft, B, p
generate a Lie group £"*

V)le express the extended forms of the transf ormation
group, generated by A by solving the following

!

. 1

,‘4!
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equation

• 2.7)

sa (w
2>

fc>
’ IK = 7

n>)
\ s> |> 4 ic

J
,

b ( to
3

j(W = )=> -t K
When p -0

, it gives jLrn H = K
' Kj

'I C t>) - K ls'j3

il ( 1^) ' ~ H e
4 ’^‘ 6 ' rnus e >> - +( 3t 5 ^e^J

To find extended forms of the group generated by

B we have to solve the folio-wing equations.

R) {.ief b)}
3 b " -

q
—-

—

f iMh) 4 r

j ~
j j
^ fR

K - uk+R
When b = O, B = ^ K

,
^

jVctjJ K
a et

K

5t-

1

b) -
(
3e-^ -t- K-M^

Thus J
e *t LC Bn

-bo) = ^ e kS ft*)

- 3
n

^-)
y

«J
Now to find extended forms of the group generated

bY ~9> Wilier' s method is no longer applicable

as the differential operators involved are of order

^ ^ * ^ or this we use Y.'ell known operational formula.

4s
fr>)

[ *
Y

-foi'-J - ^ ^ (^t |-) -ft*) •

Novo,
.

5 f (

1> * (*"+ K f



•* - -

3 * **
(
T5 '+

f)
K
*K 4O) - y 3f

K
+(xj

U 4-SLA k.

f*)

4.2.8) e

^ 3 ue+ fJ -
L)

^

Then we get the required result as

^ u^q. r, n .
_
A

^ (<4>a + <)K
,

*k

vtfh er e •

4
^ Gen era,tint] Functions annulled by conjugates of (A - h

)

We see that - 'j'\-
z_^u*

k
)
are solutions of the

s imul tan eou s equciti ons .

'Lu = 0 ana Au = mu for srbitrary.n

.

With the help of (4 .2.7} and (4.2.8) we get

A O 1 N f=> \ f'fv\)4.3.1) e
, e b

D

[If.-fc*)

= ewQ a". -f-
(/**•+

-- j'n
, e

w^ z-i)
K
z»^

r= G C*>^j) K K
4- K 1,

Put S ~ ^then £ FIS’" *is conjugate of ft and then

^ C 3£
» j)

rs annul! ed by l. and s ( Pi - h) £
-

l_ Uqm

we consider the following c&ses

Case I : w = o k ~
1

^

^4.3.1) reduces to

4.3.2) e B
f y

n
.

~z..°i. ~z, „ t*;'k)

> 7-*
[
(.**+ y)'/K i

kj



4-* 3 . 3 )

4.3.4)

4.3.5)

4.3.6)

’23
Also, n

Vvi—o£

C C
Ha

»wj
V"n=c

ci A K

,

vq-i J
VI

c<)
C ZZ f'm (-Kr Z.^ u;k)
k-. 0 us J r'" m

ilki:

Hence

a — °< (*; K)} -
{a*.

-T
oo

, / Vf \
vv> c^-f-yyiK

c-tli z
Vv\ - 0

Yl- M
Equatins the two values and after suitable adjustments
we get 4 generating relation as

z * 5 ' - K
K-Z -

k
]n

3C 4-

Si kZ lr r)
. ,„

' \"l -x i *.)
yvi= o lUL

©<-t*v*K

n- wv-

1

Which in particular for k =1 gives

ll

OO

Z + 1)^ Ms o Ltn.

0- t)^ <

V\~~W\
C*r)

Case-n
; |) - q w = l

Fr om (4.3.1.) vtf.e g c-t

^ [yi z.t c'x;u)
i/ _

— ij t e - e
Also,

Z [ 34 -z.t (* ; k)} =f-^ZZ z*4 K)]

L J • LXjrvj

(zicx;w

o£>

£
to -o

00 (r-iVn-wn J

Z° ' ' Z+^)JZ
in- no

M=o vy\

mw—m— t-i-III -

1

:

1

ll

I

\ 4
1 :

Hence



3*7

)

Vt\*-£)
|

KV)t V"\ -V- Vyi

Equating the two values in after suitable adjust;wents
we get a. generating relation as

b [(-b

4.3.9)

4.3.1C)

Z.7

VV\W o
^ J '-7 'no |<

K =1 in (4.3.3) gives

e a ^ + t * , =<L>J

W-V3.

0

u+|
) 1Vl 5)iw

|

C<- Wi
,

,

otl •- *+ „,<-*)

v/hich on simplifying more, turns to

e™*^-**
L«t*)

- ef** C-e^ J
,
£
'x

y CL <»))

- £<^+0J e-x-Js I;* ye?) C
oO

= C vo -H
Y>1- C>

e I II :- b g|~

-<”+-

o

mjiC l
k_,V1

^)
<->

i

m

L- n-v m '

b 0 w”^ 0 , Let w =

then (4.3.1 ) giv.es

_ U B CJ i
1

u ne e l b .

r\ °4
Z_„ O;>0

wh ere

A1 s o

„ ts q.& -e-

n
- -z.^ ex;K)

c; b 13
j
H y -J. (.* j



- M ii-

^r—rr; m

- e-
wi -d LTD yi~yy>

4.3. 12}

4 - 3 .

J

3 )

4.3.14)

. . £1 t (n-m+Os ^"3±t -Klf-
5 = 0 TSTlS. ^ -o^K-jIt

• z u>
-y-

Equating the two values and after suitable a^nstexe-^

we get a generating relation as

£ _y
^ y [n-tx (jtt *V V VJ ^ (* + *>)

, -z?„ \
(^+ -St)^.

; k)
°o 00 J y J

^ f~ <3 (-ku"°C«-^+ 05 v^cVk)m ' °
... k | >22 m-no-hS

In particular for k = 1, (4.3.13) gives

e
-a

eaci+^-OV

Where "V - 3€ 37“

00
rv>

^ uS"'yy> o(+ni '5

= SL JL t-b) t L Jjf
J,

^
•

, C ]\m ^Vn-Vv^-jS
5-=0 VncO l=a i——

*

whi ch on furth er simp .1 if i cati ons giv es

€ -b [e^-TV L*(V)
,

,

- 33
[« j

- 4^V L̂ a€ ^

=• ij <=3 (*+- 4)'i- b e
y 6* + j)}

' ^

)

'

J
u"b

4 . 3 . 15 ) *L n |e
OO

* ^ £, (-wru-^o,^
S~o to=D

[
vpn vn-b-A+5

4.4) Some more generating Relations for ~y {^\ K) (

—

* 1 " ' n

|py)
Sh.riva.stav 3 (sQ^as given recurrence

relations for
.

7-X (5t;K)

4 -+-U ( % 4 *) u;k)- (.k*+=o ^^;kj
So we consider the operator



- Sa -

t.4.2}'
n x o . y

ttt * i
* Then we observe that

7 K)
j

= C tCh
'+ °0 (*\ K)

4.4.4}

v/

Using the same method used by Miller (V) we get

the extended form of the transformation group

generated by e>, as

=
blM h*--zX (*; tv)

4.4.5)

4.4.6)

4 . 4 .
/

J,

4 .4 .8 )

^ 0 ^ hh
3 -

& . I 3t€-

A Iso /V _ =<
, z_T u;

- j* dL ( Kh + o< -hn+l)^
(_ VJ J ^ a.

h
(X)K)

hr\~ o

equating bothr values of

and making appropriate adjustments we get-^ x^UeL'O
= t(Hntd-imt() V) X^'rxjKJ

bco Lin ^

Where —j- —

3
Which in particular for K ~ 1 gives

£^, L^Cx^)
cO

,
Tr\ cxj'~ Vv^

-=- S, C K + °4 - Vv'
Jr 1) i

_ j_ ( 3t)
U ,w

^ -T^ * y
w^o (jrs. .

M
Z.*C*4) = L^l*)

Following recurrence relations is also given by

&] for zV*^)
[K.h- f 9C3 K3 = K-0ch + nf-K-tl)^'2Ti'i;Kj



-4 3 -

1 -t Uo consider an op<sr<lt?©r
''“N.

3
3f 34 - 4 - 9) §

^

- i<

3 3 a*-
Til <?n

4 . 4 . 10)
|
3 X [ ifT -Z.°l Cx; K-J

- K. (V* + « - K.+
I)

.

'

z “<
t 3t ;K.j

Vi — ' •

xt ended form of the transformation group
generated by Bo rs

4 -4a,)
1 ^.^ ( X;w

- <:

k

t -t-
w

'i

n -7 v ( * ^
/K

J ‘ h L Otw+ytZ 3 K

h V
r; ta;K)

It has been obtained by using the method of Mi- Her
CO Also

4 .4 . 12
) {^. zl)

- L£

h

- j'ljfe (¥rzii*iK ’ -

Hence Seating the two values and making appropriate

adjustments we get

^ ro Uc?
1

Vvn - o LH'

Which in particular for !< *
j. gives

n
|

* (_JL_\
l—

' H V l+ t J

4 . 4 . 1 .4 ) (| + t)

yy\-z.o
l^L

n

(_
Vh 'V'

oo , ^
- wa+ i^) L c )

VOO 1 /-V _ l">~

os -z
4
(*;*) = IT (x)

o<f

asaBsiaBBMBBeBK :>2.-s-n••\ ••
r.r:-
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CH «fT"ER

hy?f,rgeometric functions
1 xf > :

.

4 • I^n^uniow : Louis Weisner has introduced in U
to find Lie Operators and then generating

'Functions of
zff

( a, l» c, t.) corresponding to raising

.1 ov e_ ing Oj. parameter a. jviamocfoa [sQ B-pp Agarwal

&, Benu Jain
(6j etc. have tried to obtain generating

functions by variation of parameter a. In the present

paper, the Authors have tried to find Lie Operators

effecting tne parameter c and obtained the generating

functi-ons corr esp ending to lowering and raising of

parameter c.

For the reasons of convergence, - throughout this- '

• .

chapter, wc take |z| Z
j

: * 2 • D iff er en ti<a,l Eg ua -1:1 on f or 2 f( (_<q , L j
c -t- h ; zj

Sla C°1 has given t ol lowing two differential recurrence

relations for (ft b
;
c.-t-n

^ z.)

^ rrr -+ c+n
a h LQ ;

bj C-t-H
;
z_'

^ (c+n-i) (a
,
U ;

Ci-h-i;-z)

a-t-io)( i-x) - (c+n) (cv-tio-c-^yj

.

• 2^F
5

, y J
c -hk)

j -Z,)

= (c+n-«) (c+n- b)
,

^F| (q- Fj c-tvn+i; rj

From (5.2.1) and (5,2.2) we get the following differential

equation -for ^F
(_
q

,
V>

;
c + h j -z..)

(c+v,)^|-_-tn + c-l)((|-2L)2_ _ (Q+b-C-n)]

C-p h -a

5.2.3) plow replace u £*

J *3

U = D



UlllUilllllll I II III
.

|| II

u

the. partial differential equation satisfied by
^

-
2_F, ( q i k,c tH/zAas

jA '

s.2.4) (
c
+3j|

3
+ C- -*-k.( ~2. -St + W _

O • 42 a 5 )

6

Mow the fallowing differential operators
'S ;

Z_ 2. + 2. , c
tl *2) z. 3 'a

3
ÎT

' "S = ( l
~ Z\ C W _t_ f

i \^ ; + 0

Then
^ C ~ Q ~ b+ 0 — y t (c,4 k>-0

5.2.6) Cc+R)(_ = (3 ^ _ £ fl+
. Q _ tt

) (fl+Q-bJ.

(fl + c)
Also *

5.2.7) ft
[
at a F, 0=>V b; C+Mjz.))

_
= nj|

n

B ^ !j

n
. -x

F

t (^, k ;
c-th

;

* c^v'-Oy'0
*’! a B (*.*>; c+n-»;z)

^ L H
n

. z F| W ch-vo
; -2L) J

- (c + n-A.) a f| (<*> b;c+h+|;-zb)

The commutator relations satisfied by £), B and are

5 * 2 * 8 ^ ifi,2]e -6
,

[6, Qj - ((2cVca.3c-^c-2b^tl
-t cu3 + + (b c - 3 - 2a- 2. b) f\ -fl

These commutator relations show that 4, A , B, oq,

generate a Lie group.
*•*** 1 •* • . * . Ur

:

a .

' u . <; kb



sis • fr^rv^

5 * 2 » 9 ) W 6. put

3
i- 5

,
C+n

1 V-J

q = JCct-nXi-'2-,)
— - y (^(x-f- io- c-n)

3 ~2L

) 1 °W t° llnd ” tended forms of the group generated
uyfl Vie have to solve as follows :

, Voj-3= 1^)

f ^6f>
J

if U)
2)<o. -f- K

°3
!/
O) *- a + K

When a = o, it gives Log y
lu

j
'jCa.) = c<. f loo W

yo; so l,

5 "- 10) ^Khf^x)l = f, e q
,
x

L’ui ) To find e^jjwgWe have to solve following equations
as direc ted i n. Mi .1 1 er

£].

]

4 Zl ooj
__ ~z. (-lo)

c4 *-0

^ 3dj±l _ li-cJ[:0O

"Zl ha) 5

^>2 x( “) - t-K

,En w = 0
, x^0) = Z

len X-^UgZ.

^
2_( =

-y-+h|Z
2(w) = ze^3

0-vu>|. ^ U ^ lo4 C+ «h-|

ol

4 V(i

V(^

V)fw) Uj

[ocjV(lo)

^ Inevn .COr Oy \j(cO=|

"tUcvn K^-o

vi(o1

) = e
Cc+"- ,^h^

J2-( coj

5 .

2

« ]. .1 J
joe*t ^ B [a ^ fu)] =4£ fC+V’"°^

if

t C2-^'

i. ii) To find -oxt^/a q we have to integrate as follows:



*• -

-M'?-

d^6u)
, , i

'. (,u)l = (
c M. + K

.

= (c+h)^ A -lag 0-^J

'
~^~

__ £<f + h>)3jM

\ -'Z.(.U)
^

:

°’
!-(.-*;*

(c+h)^
Lnd

,

. -yCc+^Cc+U-c-h^.V^
A-

when
Xj^-°

}
\J (°)

y (C+v^) Ca-h'o ~ c-*) /A

\ _ I . K = o

A u

5.1. J.2 )

yu <3 e

— Sj ("c+v-i^
(_
cx-t \o

- C' h) A
Cc + *0 (.Ct-vn-A.- W) /-A.J

^ -

f/ _ -, }•_ M I
7 Mj £t-t

-6-z-) £
(.£+ f”0

5.3.1

}

Generating Functions annulled by Con ideates cf

& " n
) : ~ We see th 8t.

U-c-J W; c-+v?/z._)

are solutioudof the simultaneous, e^uati ©ns LU” O

and ftu = nutfor arbitrary n. Now.

e *1 e
u
^ ft"- 2-Fi A

- y
10

e
_Avv-0^-+ M.y/c+ y,_;^(;-^vi-a-y

r V f , , p^J] P-ff+»)>*Jn
•
2_P|'

l

1'. t; c+V)’ |i - (' r.- y
-- JJ

~ C 3C i ^J

put S - ^ then S ft £
~

j ‘ is a

conjugate of A and (C, (?( ,u H. s annulled by Land



x , gp

'

5 . 3 . 2 ;

5 C

A

Now we consider the following cases :-

Ca3e ~ I : w - o, -
j

Then
( S'. 3.1) reduces to

(a
, bj c-fVX zll

rase - t

vn H

a . e

fj L& » t> J c-t Vlj

C-tM-A-b)

*0.^1 U Ixc-i-vo;
j
l-(i-2) e.'

ftLS 0 ,

^ 1

YY\- 0
oo

. i
(^1 L) c t'njz

CS2-HL r H 2 F) (.<*, k; «+n 3‘'z.

/
v?o L.^ •

CS2i 1 (c-tv\-A)

> lJ23

. Jl Z

£_ feTrr ja.tH
w^o tra t

(fC -t -jJ

* (c-tVT-b)— Ci- h- b + W,-

,

S ^
. 5-Fl ^ » b j'c +'^-r ro ’^j

Wi ~o

y^T \yy.

Fv £a.Io
j
‘C'+v\-h*ja r

l ;X>
>• 3 . 3 )

‘5 .3 . 4 )

S

°e.^ a.F'i C 4. , b J C4X' Z)J
oo

|
, . .

, , vvrvn
= ^ Ci_ h ~ F)m |J

. (
Q

> l>jC+'^+ht)

Equating the two values and after pi nor adjustments »

we get

M Cc-rn) (c + vo-c- g) r e . ,

e
.
^F\ [A, |i~ (/-X) .

•

-(c+^yil ; F



« ' - wmm
'

' "4

#

'll

c

l0
Cc+M

.-aJ«^+«-^ y

.

v
- Fj ( <*, tj n+mj z_J^ 1-2.| <i ^ 1

I - 1 1-2.) e~ fc+ *'^l< /

uase w = T M - o

5.3.51 e.

( 5 .3.1
) .reduces to

S J ,1 r- / . i . _a, k>
;

c+hj’ Z.}

u ki •• SJlbrL r VH
= j e- ^ ^Fi(y, by-tvy 2C 3

n c
. 2.n

C B)

mro (J22.

( a ,
tj'c + Mji

y? iF, [a.tj c+m; z

ayi
haso

(c-i-h -0
J aF» K>*

<**-»; z

>0 , Wi-lV) • /• . (,
,r

'‘
_ "r|

- (B) {c+h-i)

(

c+yi~H

(y. ^F| c+n; z)}

- ^ C C+V>-*0 m V\-rn
p

J7- ny "3 'iH Q, b’ C+Vrmj ^

V\— ho

5.3.6}

p C -t-vo-ho) m U
h_Vn

Yy\~o

-gating the two values and after appropriate

5.3.7}

adjustments we get

£±JHdL r f
»

e i .
^F, o', Lj

v
i' 2 e ^

S'. 1 . 2 }

__ Jr (ctw-^y
y, f

" jry 1 x
'L

Q
'

\
~Z-\ <) o~*\.e\

I

~
2L €

V/

^ I < I

..... Special case : y^r. n = o
. wj

<s
8r yp, U, t; f ;zev

3
]

i

n



^HHMW f

3JU

(T~ ^) h,

^Tto
* o Fi °(3 J e

; -z.

ia.se IH :- w ^ o ^
yUto)

Ihon (5.3.1) reduces to

5.3.9) ^ P W 8 C u h p / ,
.e e

i J . ah (a, b, c+n 1

= y
11

, e
Cc+ v'- | )to + y (c+h)i;c+h -«-y-

if| ^a.tp+n; 1 1
- L\-t.c*^) C *“

'^JJ

Also

£ q jy_ ^f, (Qlb ;
c-^;x)j

Yv^ , H ~ Vt)

= e Q to 'Jm~o e23 \

• [a, w ;£+•*-'"•>;*)
oO c*£> Vv^j

c lvn)S 1 J
3-0 VV\ t£ 0 '—“ 1 *

* (C-bh - Wi - ex) 5 (c-f n - v^o - (d)3 y
10

' 2-P|
1
b j C + vn-ho +5 ;

"2.)

Equating both values and after appropriate

Adjustments we get

~0y-' 4 y^Ct-h) (C +H-a-bJ

•xf [a.l; c+n;[l- Ci-zc^Je^^j)
5.3..U)

oO OO

2. 5" —— {d-f-h-m) f c 4- vi - v*.-a.)
'

r— / w 1 sS ^ ^ 7 -S

Pj 1<%,\dJc 4h —Ww-hX f "2.

«r f
—

• (J22 L^L ^ V

0-0

*Cc4h-m-b) s ^ , X F| (*, b; c4 1

|^|<-i cckoI I
l-()--z-£

u^e
Special Case for n = 0

, F, f <vVp; )
I-

_

," ’;
j

5 . 3.1 2.)
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chapter VI

SLCEgTAIN GEHERftTIWG_RELATICTi5 PWQLVIMG CLASSICAL
POLYNOMIATS.

1. INTRffiurria, : Shrivastava and Singh (1) in an attest
u0 unify the classical polynomials,

considered s class of functions defined by relation -

6.1,1) fK
n CM x y,s, vn, ft, b)

.=- cRx-i-sy* ^

where k, s, m, A and B are all parameters with

suitable restrictions as per requirement® The above

generalisation includ es the classical polynomials and

functions of Mathematical Physics as special cases.

In particular we mention few below :~

Jar obj Polynomials i

6 . 1 . 2 )

pK|3)
Hi Lyt) f.i)

Q IP 'J '
V

’ n (.
he j I , I ,

-
lj 0

Laguerre Polynomials

6.1.3) jW), .

~f )

= K IE
K-3 t>

Hermite Polynomials

6a - 4
) H„ (*) -

- I.

HP P
^(V)
h Chf j 1 j h

c-

b

n pC^-^-0

CrO* nK^. 0 .

— p 3r0

o

p
1 h (HA Ij I, °)

p(.°,2,W

K_so
rh

U rh U.VH.gs)



-wr—- rrzt*i',

^ " 1
- b 't

Bessel Polynomials
;

C Q t Id K.)

n (x, -lJ o 1
T-

j 1,0)

6 .2 )

j „(.*, a+s,'tV- f.
.

^ p
C=),t,K3

' K^O
h (x^ D

>
xA°)

than above, we may mentiond the names of
Gagenbauer polynomials Generalised r *•» generalised Functions 0f
Gould Hopper &1 Generalist r*LJ oraii 0 ed Laguerre Functions 0f
Singh - Shrivastava

(3J and Chatterjea
[4] etc.

'

which are all included in [}.],

In the present note we eha n * .
’ ue sna11 derive Mehler's type

formulas for the function (la) by group
approach when a bilinear generating reiaticn is known,
lila_OpCTators for ^ |V|S tv,

Shrivastava - Singh CU has given the^erationai
relation

6 . 2.1
/

I D -f _fl_B 4- P r '
\ P v '

*

v
| — p_5t y ) m ^

c (3 - K.S . K
-

)

= s.^A/B)

(3
L°^i 3J<)

6 . 2 . 2 )

Now put

So that

(I- r

-a) ft ti-^O
-p. ft

y* 3t ( f-V ‘x -+ 13)
"1

P nr h C 56 ,

v-
(
S

(
m

y
f]

,
I

;
(l-KJ, k )

Henee clearly
/y ^forms a raising ±h* lie operator

for class of functions
s, w, A, S)

The extended form of this operator is given by

: &

< : i

WtfffiB



6.2.4) 3,*
(ftx+Gjr* o-m

v _u 4- \ s ol P, \4 / . _ , -i~\
2]I3/kU-t

l — ^ ( x +- -t)

*
-f ( X + t

} yj
where 4- to

y
(R* + i3j

m

(6.2.4) has been obtained by using the following

generating relation in [].)

.5) <" p
(cx'-nn n

, ^-|CS ^ , A
hco In, * n Cbt,v, S, m

; ft
,
fl)

IfiiL + n)-
0* (Vk*v

JT
p,A '

y
o p°<

r R?x-tt cftx+g)^ (i-k^vj
s

]
+8

• 'l-K(x+t(ftX+Bjm (|_Kn S
}47

P/K

6*3) Mehler* s type formulas :

Consider the bilinear generating function
p,k 3, K)

supposed to exi-st for Cx.v, m
;

ft
, )

as

6.3.1) (Xc ~i_ to\ <c~ ^ ^ p ^ ft, K)^ ‘3
..

ub P
^ ( X ,Y,5,m4 ,3>3

•

^
.

p^R,A)
Rn L'z.

,

, 1 ,
C ,~D)

6.3.2)

I ' V"

Putting to - Lo 4 , 4^ ^
we get

G, L*,-z
t

g_an pr b,%

{ Pp'(
8

4V,i,, 1 ,

c
> ^ ) -t-"](!°3)

Now operating both sides by

0
up -A x ,-t

, < ^ ^ A -z
t
-t

-s.

with appropriate adjustments of parameter, we get
by (6 .2.3)

6.3.3) (eoe|o wA^,) (-e~>r|o ^A^-fc.



Effl

°0
c>6 \ ,

' a '

- (Xy, <r lo
J| j,+h

Uh°~QZ 1

*
X

i

h+ 'Jl
p C V-Ajx

,
<3~ AJ x A)

" [03
X ^-3^

But by (6.2.4)

6 . 3 .4
) (-e^ a x.-t,) yv^,)

- ( ft * -t B)
~ ^ (^l -

‘ ft
j^

‘X-jrLo-b, (_A yt-f ^(j -K J
-f I3j

0
[l- kjV-vw-t, U*-v 13)^ ti-lcO’Sj V

J^<
• (czA)'V [i-A^'^
* C 2 . 3

A \ z-t-t^ (cz-vD) (|-Az

( l~A^

Lf.

M+d

6 (i-K^J 5
5

"z + C 1 ~ AlL^ ->

From (6.3.3) and '(6.3.4), on putting ^
(

- 6^-
)

and after series manupulation we get

6.3.5) ^at-13)^ 0-^3e y
J-'

3/
^ x

, ."|- K Ca ^ + >3)^ (_\-Y-'*
y
)
S

)

V

J
j ^

. (_C -z-*7>)~
V

(

^
' ^{z-f-wfCi+Dj^i-U^

j

-f l^j

' f I
- A { z 3>0 ^Cz+l)/ ( I

-A^) ^
1

a + uo ( ft 3 -t- )3) ^ (. 1
- tc 3t

V
J
s

,

2-3 u; ( c 4 3 2>) ^ (J -A^) ^

111

MM

Mi



r »

2-. (y-wjj+Vnj

y T.” ° (_J rYi Lii. : •S
d^v.s,

) £ ~ J a J °l ,-A)
.

Y/+ n-
' *

I Ji

M= ° Jr- D j-- 0 ~7JT^T \j. :
I (x

(
v,^

:il

..p^, S-J^vo
h 1^,1. c, T>3 » U3^ +JrJ

^
J

^V-X

Thus we have proved the theorem :-
^

If there eX1StS 3 bi linear generating function 0f

form
( 6.3,1), then there exists a generating

relation of the form (6.3.5).

6 - 4 3 Applications 0f the Th eorem: -

Although the above theorem can be applied to many
Wel1 known clas

'

sical polynomials, we given below
two special cases for Jacobi polynomials and Hermite
polynomials respectively.

(A) Jacobi Polynomials
; f Manocha [5] has given

following bilinear generating function for
/‘j S2 \

Jacobi Polynomials
. p

^ 1

\

, lr\ Lx)
6 -4>1) §L C/Jn UL (ot-h,

n--o c-o^-p) c-v-y «n

c. -a- > ^
(A> n 0 (<=* - n

,
R- h) It- n

;

&-n) I

> (-V^) n bh (^) vPn . 0);i
h

L'~ V J + CA) n C-^n C-^ 3 n
1A--0 UCL

tf C M: >3 ( l+y) -tj
h

TV>
; ,

-Y-^-kv
- Oi-H) t — ( i-t X) ir

/
1

q
^ 1 .i v 5 i j y t

j £ * q
v. i i

We know the Rodrigues form of Jacobi Polynomials

a hi.- . T>hOn replacing x by -x we get L L ' ^ 11On replacing x by -x we get

(«-n,rS-H)
c_

v,

l-yr) - ^
<r\ r

) i•2° Lh-

( :C
cx:+h

(l-Xr)"



‘t X-P L\-^y

ith the help 0f
( 6 .

(o< -n,|3-h)
1

•

1 ) we get

^ a
(-ij* <*,&D

C i — ?yT vn
^ 3

,lj

Put the expression in L H <5 f t r

-f_ (aj^ L h

'

; nJ 6

;
4a ’ which sives

P-o ( __ -JTT^ 1 x J

-«,m
1

; I, 0
; 0 j I) p

^ V ’

^

1 ^ ^J 1 ; h C-z J, o,

o

; I j)-^
which is of the form (6 „

‘

(6 -a )» Hence by the theorem
proved the form

( 6.3.5) should exist
6.4. 2

, (lt X) -«
C<-3Q-Pf| + t + if-^M^

Tt-x
/ N _v r

i-^7.
Y r

|_2__ -tO- yy-1 &

• % ^r-irPn
,
3V

h-o l (-V"S) m ^4 b.

• Fl i-+ hj jl + n
,
-i+n,

t- ;b * -iiyiyw-tya] 3to-*

- ||-X .
fcti-*V

j
d±[

C-P),

1 ' n v ^ y n

uf [i
- ^

-
jj



- b<?-

^ Cn»j,)

(~9 J
'r

J 0
( A). w-j,_ til

<=><

ix
3
K”Jx

O ; (
2-h)

l 6
) J T_ [ Jl,

' h <-*-).

)j-*K

h+J|-

J

il®HlliH„Zolynonii£j£ :- Carlitz
(j
5 ] has given

following bilinear generating function for Hermit®.

Polynomials. - M n ( ) as

‘cO
'

‘

^0
t*

6 .4'. 3 3

~ (. l
- 11J ^ J t —

) t
w' e know the R°drigues form of Hermit e Polynomials

' Hw <-5t-y x>
h

: C^^')
U){^ tk<_ L«_L|o

.o-J (£.|,hj ue c^jf-

Kn C %-) - T . C-0
n

P
nt1+ ... Uv^R-io h L 1,0,0 ! I

j 0

)

Put this expression in L.H.S of (6.4.3) which gives
P OO / _ _ V

J

A
d.

,

ro
#
2. ,

h Ot, 1,0,0; |
o) p

LO
' /N)

J J * t 1, 0,0
; j

o

Which is of the f orm(6.3.1), Hence by the Theorem

proved the form
( 6.3.5) should exist

C3C+B7
'}6.4.4) Cl-V^g^-K e

. es^> ^ (z-t-

1

^ ^~t~ ^ (’z-t- V) -b^ -
f C X + tj^-f [-iH-tr)

^

f
-

-t
3

'^
a-

00 (j\\ y ' • '

•? <r
;
f-nJ| +^ 1^1

oO o£> Irnw,
(

n

£ S. T
K -° or- -jpo

(rl)
0

'

-t^.-

•H c~?-)

i IJ 'l.
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CHAPTER VII

associated with bilateral

functions involv i ormite uer
Polyn omi a 1 s

*
: In the investigation of the generating

relations group theoretic method seems
to be a Potent one in comparison with the analytic method
because known generating functions can be verified and th

extended by group theoretic method*, -mis approach has bee
tried by S.K. Chatterjea M and manv



Theorcm-I I If there exists a

of th e f orm

then there exists a generating relation of the form

U)V

where

4- CO ,V, Xr)

A -V y*\ -

p

n Of)
7*2) GROUP THEORETIC M ETHCD to FROVE THEOREM!

For the generalised Hermite Polynomials

(4^ defined by Gould & Hopper (2^

wh er e

Such that

The corresponding extended form of the group generated

by is found by solving following equations



5
o)

cA ( Lo)

36. C lo)

when w

—t q. m Lx +

when w

Hence

-f~ { x+ toy
J y 3

for the Lex. guerre Polynomials

by (3)

I

C^x . 4* O-Mc)

^2~) defined

onsid cr th e od ere tor
2. given by

Such that



1 corresponoing extended form of the 'group

generated by ^ is found by solving follow!]

equati ons

.

when w
- then K

t bO+Z

when w

Consider the following bilateral generating relations

Operating both sides of (7



A +-/U+ K

LA. LAL

i
K-'t'M K-tA

But

(& Xrj? uj
(

^ Ca.) L^-i"2- ,

L^>

J

- c>

e^>
( - oi) G> Cx-H^y , z.-t uo

b

Henc e from these two expressions

9c ^ (^3t. + coL
f ) e-x- b> f b ^ '5t

r—
(
x -t u

(_X-+ ^ ^
%v\u%o C k', >,)

\"\- M-

.

- A + K-M.
uc>

y =1 on both sides we ge



this proves the Theorem - I

7.3} Proof of Theorem -II

The GSgenbauer polynomials dcfinied by [3]

\ t f -5 •*- ^
v^' - K

where

Such that

The corresponding extended form of the group generated

by
|

is found by solving following equations.

By solving (ii ) equation we get

then Kwhen w = 0



IH-Wl

By putting the value of y(w) in (i)

when w

9b ( ^>)

By solving (iii) we get

( 4 U(
f

wh en w

Hence

Using equations (7.;,. 5) (7.2.6) (7.2.7) (7.2.8) We

consider the following bilateral generating relation

Putting w = wytv we get

Operating both sides by (_-e.3*r j?
uot

using the method "as in section (2)



A+^ -2.

polynomes d* Harrnite du point

de L " algebra de Li a. C.R.
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Gould H.W.
Hopper A*T Operational formulas connected

with two generalisations of Hermit®

polynomials 1962 (v 0l. 29) no. 1

PP 51-64 . Duke (vya th Journal

March 1962.
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LIE OPERATORS & GENERALISED BESSSL POLkNOWlA lS

1* INTRODUCTION - Kra.ll and Frink [l) initiated the study

of the Res s el Polynomials. In their

terminology the single Bessel polynomial is

8.1.1) M t*) - F,, f-h i+vil- \ -J-xl

and th e genera It 5 ec! one is

in the present chapter the authors will apply the Lie -

Group theory to obtain a class of generating functions

for (.X.ct, b) and other relations.

Differential Equation for R.P. ^garwal

(2.] has given following two differential recurrence

relations for

' X1
C a v\ + a

,
= ^Cnt-a-l)

y ^ ^

(XjQ, b)

r>d (g>. 2-.,2 ) we get the following differentialFrom- (8.2.1)

€.gua ti on f o

Replacing n by y and D by we get the po j 3 X:

differential equation satisfied by



L u ( x
, i)

Np.'v consider the following differential Operators

Th en

12 - L R ( fth

where

These commutator relations show that

1, A, B, Ip, generate a Lie group

By putting

Bj= C^^-t-cc-a)^ ^ _ y\ (p

and by using the standard lie theoretic techniques

by Miller (3} we express the extended forms of the .

group generated by A ,
as-

f

ollows :



Jo find extended forms of the group generated

by B we have to solve following equations.



v
1

L 1
"

c ^ n+Ct^^ J
To find extended forms of the group generated fey

we have to solve following equations

.

then K

(0LVO-ha) CXrJj

ot^fj 8

“ ^ C C \ - vo—<a)

(J- O V\-t*) CX^Hence

Generating Functions .ftnulled by conjugates of

solutions of the differential equation

and Au = nu for arbitrary n. Now



Y\ b U5

g; u^)
b ft -V £ Cf on S A S

“
' is conjugate o

and C.(x,'j)is annulled by L and

we consider the following ca-ses



Equating the two values and after minor adjustments

we get

Where -fc

Special Case

vi (n-tcv

Vn-h

h-tk.

v\ -t \C f ^

both values and after minor adjustment

we gef



Vi-V K + o,- x

. avi+a)
y

By putting a =b = 2 in (8.3.8) we get

then (8.3.1 ) reduces to

Vi V.K+ a - ^



Equating both'valuc

we cj et

Ota- I) by

and after minor ad j u s trncn ts

(ivi -V^O

1- Ca.vn-ta)>fj - C'iV'i-v-cx-r)

I VA^-K-ta-2.
K-

:es to

vg uo

nt^
vn -V K

K -+ K.-.S
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CHAPTER IX

and generalized herwite faction

9.1) INTRODUCTION Usually the Hermite poly n omi a.ls ar e

defined by the relation

econd way of defining the Hermit© polynomial,

is not very common is

Gould-Hopper (2.) generalised (9.1.1) and (9.1.2) both

and gave explicit forms for the generalised functions

by the following relations respectively.

K=D - ^
The respective generating relation
cX

(_

£ %- Hn ix
>

c'< b = Cx -

In the present note the Authors have applied the Li

Group theory to obtain certain generating relations

9.2) DIFFERENTIAL EQUATION AMD LIE OPERATOR'

-following differential equation



Replacing D by J*- and n by j
S 51 J

we get the rth ord er partial differentia,! e^uatf on

satisfied by C* 5 K) as

consider the following infinitesimal operator

Then we see that

and the commutator

relations satisfied by A, B

group

a tiers groupTb'.find extended form of the transfo:

generated by A. we' have to solve following Lqua tions

When a-0



~f'c find extended form of the transformation grnwp

generated fey g we have to solve fol loving c'jutfions

Hence

we Hsc the following operationalTo obtain C

r el ati on

Q - 'j £*+ liVD
so the expression becomes

M oV'Ji f r om (9

Where



n particular we note that

Con jugate Operators : Wo shall examine the functions

annulled by L and R = V, A ~t ^ B f JJT -f

where r* s are arbitrary constants and Y
( ^

do not vanish simultaneously. Now we shall Separate

the operator R into conjugate classes with respect

to the group
. p

Using the method of Weisncr[4~) we have -

iq ec amc s

mi laxly we can find other

ft -t b 13



9. 3 .2)

9 . 4-)

£=> b ^ H c -<=s — R - c ^
How setting .s r* 0 b B Hr 6- Cf

,
we haVC

sn S' !l _ ft t- b 8 - c Q - B c

s ns- 1 B+c

sos -1 c -b (d ,

From these formulae it follows thai; R i

conjugate -to .

(a) A - n if r
l

= 1

(b) B + c if r
l

= 0, r
3

= o, r^ f o

(c) -ff + b if r
l

= 0, r2 = 0, r
3

i o

The identity (9.2.4) shows that the casts (b)

and (c) do not require- special attention.

GEM ERA-TING FUNCTIONS FOR FUNCTIONS fttWULUsSBY

CONJUGATES OF U - n) :
-

Since \x - ^j'n) i s a solution of

Simultaneous equations Lu = 0 and (A -n)u = 0

where n is sn arbitrary constant, it follows from

(9.2 .10) that

q (*.)) = ^ e
ul>;

fe
c,i

(e-
hBMl(7 1

CMf Z. / .

e J e
h oT

where "7 ~ )t 4- JsL-

1

is a solution of Lu = 0 and (_R - HJ S
J

u

so we examine. G.

Case I : C = 0 : setting b = 1 and t = l/y. vie

S T U - o

obtain after simplification

Y / . , \
<2* ( M

3,4.1) S (hCi-t



a Taylors expansion which may be derived rom

0 : Setting C = 1 we have

wh er e

on comparing both values of

we get

Y , .

Using the inverse relations in

H.S of (9.4.2) further simplifying to

- u» *3+^ [ n am
with the help of operational relations in [2



Cancelling y
n

'in (9.4.2) we get

-v hy <£_

9.4.4) can also bo written <as

Setting b

using

i e oth ci

using (9.4.3)

J
fee IT ^ J

Using the op eratTcnal relations in [2]



,
Equating both. values of & +* Q ^

and cancelling- y
n

,
we get

CxD

9.4.6) ^ U3^

J--° Ll LL

o
_

i

J tA -4- \ - 1

Cht, K)

- £1 11 3 1 (* + f > 1
1-0 [L

M+A 3

'.5) Special Cases :• From (9.1.2) we have

H n (,* /
11

)
~ *3

v\

Hence relations (9.4.1), (9.4.4) and (9.4.6)

i educe- to the generating relations for simple Herrnite

polynomials (*) as

s.5.1) ^ H n.^ (*a) --

I 11 H

0^0
y 0 J so

J -o U
^ = e

c-o-ywh.w

-.e’
1 ’-’ .H»f4 -a

oO oO

> £ §L

by (9.5.1)

LO Cj ^

^ J« (XTL

‘f-TT
, e

'’- s' HJU')
Where Z = x + yj-

by (9.5.2)

(9.5.1) snd (9.5.2) of the shove are known reldti or

9.6) We have

t*y - £_
,

V) n Y)

t * ^



. . .
. .

<_ tV {e
ki

* *"

, t ill!
hw Ln

+'
1* + ''•t’y

kT5
a -VvD* t*se e

UA > ^
<j

( *t •*• 6 )

€. V ^^ 1 R) X <»)
h« li

KX
f

-'t'j ic-ek-t ^
- e ^ ve-

lvet C
0
!' & 1 0

= e.*^ L4 { ^ •

et X
^

,, . ktv 4
T

VpWu T (
*j )

- C

- e’

4 n>«) (

e

KtVk^
wkcvi. -

2. =- -L-^fc-

.... - e>p :

rkle

-e-Xr

£TV\ u Svw
«j

~\ k*_ ok\ CHjO( Vv^

, . r rn iJ * + ^z.-
kt e

m
IfH
Hi

X ^

Z=-fc*r

hl>
'

}
4 C^) ><k*k 40 +) ^ e

_Kt Y' ++*'!

Thus We get extension of Mehler«s formula as

$ O ckk (i k) no)

OtOi O+KO,O'
, e 2 -~t *

1
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chapte r x

dynamical s ymmetry algebra of f
2

Ji

10.1) INTRCOJCTION : Dynamical symmetry Algebra of Gaussian

Hyp ergecmetric function 2 F 1
W3? constru-

cted by Miller [1] and its further use was made by

E-M- Agarwal and Renu Jain £4] to find generating

functions for Jacobi Polynomials. In the present

chapter we have introduced dynamical symmetry

algebra of y, v'
; ) and by its

induced group action arrived at certain identities

for F
2
which in their turn load to reduction formulae

for hypcrgeorpetric functions of 'three variable and

generating functions for different polynomials.

10.2) The .Dynamica l Symmetry Alqebra of F : Let— . - — ——
2.

r Fa.L°<>p.P\
t^

V
1

Yl

be the basis elements of s subspace of analytical

functions f o seven variables. ^ ^ S U
,
t

p <|

ass ociated with hyp erg cometrie function F„
z

defined as F
2 ( p ,

)*'
,

r, Y
\ )

.

oO oO . | ,

21 £_ Cfihjuh *>- jJ .

i” It Cr'Jj (l TTl-'° 1--0

The dynamical Symmetry algebra of F is. a complex

Lie Algebra generated by E - operators termed

as raising or lowering in view of their effect of

raising or lowering the corresponding suffixin

L
,

,

|1|
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(vi)

(vii
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pp> r/ ^V'iP.pVX *>({]

-* M k
YY' S u 1

-t

"

oo -
,

.

~ K- £_ '

3fc

^
-j

^

Cv)^ Ly%
"

oo

£
V^“ ° y\ ~ 0 im L*_

oO
J .Y^y'

w
i

S u. t
|> |

\< ^ (°0 o* UE) o ^ (cxl -V ^

n =.o j_n y^To "G^-

VY)

* (t'Y' R £' \ YS UY -t
r

(a 1
f

1

0&

K
,n

n-o

oo

= K ?L

oC

Y<

Ev’Jn
’

ISL

* cY $S Ua

! it as

0*0m CE) vo
cO

. ?
0>Jvo On

c__

V*^

l°0 w, CfOm _ .

j

, ? ;
Y

> *]

y

CyOv,

Vn=o

Tfhe E - operators are

VY1

S U-
P
't

r '0

(i)

(ii)

^x11
^ E

p
fiv)

E _

^ - 5
(
9t~ -f £ax as -i-y

Q \

£ b )

(v)
E

Y -S"i*0-»|r *ug. + t.^

f

a* +

E
C i - >J £. — *is^- -u

l j\ ^-S
P {(l-ie)5_ _ c 3

JS
0 1

P>

W
(_
Y

= U* 1

.2)

Y =
+ >

as j

a

ir
- v Q

a as

£
" >“(*** + t>* ',;

<3> P Y
a u.

(Viii) r_
p

,

- 4r

3 0

(IX)

w
S

,

fit -t-fc^
- t-’hi^a st '

)

Y'

1 — -0
l n j

i v;;> st p£ •. »r
^ 5 C - i __L ^ ^

rrsirt ~ - "





1 ons of these B

is given by

Co1 +

cxC-V'

\ W-hV\

K £. U + ^CgOv, (ji»j

• " ir
j

|^C c^i’0 j r j ^ j

,
( £

'
wt,y^,3t,'j)= 0/

'^-n, |i,|!' Tr
'

LS '
u '’t^'cl^

c?in -find action of other E- operators on

Hence



( Y-\) J

c( (vx^l
r

C v -
1) --

P’j —

( Y - 0 J

oL
- V (



Tne upper factor:. eech bracket is to be associated with

plus sign and the lower with minus sign. These E~ operators

together with 5 maintenance operators -t~
,

—
T
— —

T

- ' '

*
/”* *

Y Ty- 1 and identity operator I form

a basis
, Here

) In the present section a group theoretic basis

has been provided to derive reduction formulae

for hypergeometric functions in three' variables

First of all we employ the operator

wi th acti on

theoretic technique
c ompu-ted



-

) K

Ip
.
oi a . + k

then K

by solving the differential equations.

A 5 (a) a.
.

, q r >

r S (c0 ,
k.

,mA O. I

fhstO (k u ,w
<* ^ Jb

cU - +k

oa. - iV)
" a

'

t

5 + K
when a = o, s (o) = S then K =

5(a) ,

and ^“ S

d «• • 1 J

(°~) f h cJa. -f-K,
'

J l^aS

Udtw-il --- H^H +I

sco - r

CL-fv^i

S( a)

~ (ck) ~\
'

•

f>-

Ua \ uT^
'^nen a- = Q x£o) = x then K = log.fx -1)

XU)
l-

^ aS
So that

10.3.3) ex-k a E, v) t
^Pp'yv

1

l-t«5
uM b

r
7/

On the other hand by direct expansion wc have

-1 0.3.4-
) ( -OX V a 4k

^ Z-?
a"

oC >o

'n-b (ja
^3 Ln(]'Y y

hoc -y-vi
; p ( ^ y+b, r

J

b' 0 kH
(
V ) y.

r\U>*0 Y'
» Fz [o(th

l
[3i|^,tth

j

r
,

S U/
-ff

jt
«|

1- s\V'h/ (aSf>)"-'
h =o (r)Y) 1 b —r

-— *



C T4 V\)

Equating the two valu.es of

- joaS

which finally gives

3.63 0-|>«s)'*
, Fa (

setting asp _s,

^ ^
j

and in view of definition [3}

wt arrive ett the reduction formula

>•4) Next we use the operator

action

we use the standard Lie theoretic

can be computed by solvingtechnique



following differential e

expansion, \ne. ge



Equating '

. th ctwo Values of

we get the identity

- au )
P> C ( ft n v- V ;

etting Oiu. -a "Z. and using the definition {3}

YY\ -V-h

we arrive at the reduction formula

A^ain we employ the operator

with action

To find y-e^tp a P 'j we use the s t

theoretic technique! {23. It can be

solving following equations.

(i )
c\ Ut©,) i .

,



It takes the form of the reduction forroul

, fa $'
> , P>

1

j
-

Now we employ the operator

with action

Ua
< ^ ^

f>p>
\V '

J
'j2

1 p ,

r, v

for computing action of one parameter subgroup

o^ £ *) by usual multiplier repr e£ enta+d

theory we have to solve following differential

equati on s

s ug
= Q,

S (.«,)

d "St ( cv)

wh en a th en K



then ' K

then K

i\-\oau)P
On the other hand by direct expansion we get

Equating two va-lues of Cexr]

arrive ^t the identity

i+v\

,

—
5 pi , P —> v-

|3 and using the definition

Setting cxu.

interchanging °< and

1

)aU

3 c*,U



moicii <=*„ - yj^o] = y

j (.°0 - —t
_ . i ,

\ 01 -S

then K = logy

So that

0. 6*3) Cl £ a^\ -j-Y |W rr 1 = h. 1

P», P> ,

V" V - 3fc —

—

' 1 ? 1 ' J has ’ |—ci

^

v / s \* ft n' ;

On the other hand by direct expansion

(exr^cxE^) t^pVr1 - 1L o^lE
Va—

o

\'lrn
1 i

]

n • ®ipp rr

co vr>

S CK

yri~o
tm * oi+n

3, (i rv

10.6.4) hn LT)
T^r (*+">, (3.l

i',V'l*tf

' u '

•t
r

1°’ V
By comparing -the two values we get

(i-as)"* r (©< ft p>' v, y ] —2k—_ JL-

—

; ’
' ^ ’

; ^_.a S > \-OiS

<W jS .
(1

1

Y” Y I

• s a t b %
Y

oc oo L D _

c^-Vhn

I

3 v

.

c->c> yc/ • .

^ & (p^.) W1
cK+Vn /3 -y~ y

''

Vw=o p- c j- D (Jon
T

P b *

,
(t+H^+j (|h^ Ci^'Jj

O-U ii it(ri Lu

whic.h after simplification gives

fO.6.5) (i -ckS)"* .Fa t°<j F, Ps r
.
Y '>

1 —a 5 | -aS

a ^.i
^ =o j--o (y>- (r')‘



.xi r
^

li Li
(

^

Setting as 2. wd in vi&w of the definition.

x h; y,,vv
,

p,'5 ;
>,

'j

ds 00 00

z. > C.« ) j-vx+nq p Cf
W-Q h - 0

>

C vTif

jfT_ j£!_ 2.
15

C. v % ) n

LU LX LL:
We arrive, at the reduction formula.

"M
, Fz [y pp', nv',-

-.Fjy jip, p >'

r
'

Y '’ r ;
i.'j.z'

Secti on C'
2
-,]

3 0.7) In -the present section a group theoretic basis has

been provided to obtain generating functions, first

of all we employ the operator.

30.7.1) g <y -y ^ S

with action

rf

30.7.2) £ ' of - V

1 2f J

~ tY'\) i oi _i n v-j. Y

To find a. t-op-r)we use the standard Lie theoretic

technique (2). It can be computed by solving the
.

equa_ti on s

.

\ c\ H a
) 1

4r~\ cl Cx .

-4- \<



* *V *****



10.7.3)
. cx E_^ry) 4-^^pVv"'

- [<*, F, P>

f

,

V, r
1

; £il y
:

b 5 -v oi %
"

J

-t- 1
- V t ^ p>+ i A ft

1

I

'

Y-l t
I v

’ s
|p

uY
1
Y Co+S|o) [axt^J

Qn the oth er hand by direct expansion it gives

C 2r)>a[.
-ei -Y t

10.7.4)
oC

’^ftp YY
n

o-

n=o IY
(<
E- 4 r Y) F^p'rr

to - 0

oo
' £,

cso n
Cc

V\~-Q L—

1

|

Fi.
(*-" yY- v- n

i
r

> *>X)
*- h

,, ^Y K
Y' h

*, r
'

S uYt 1 ' 1
Ecju§tin3 the* two values of ( €-"Xr j^>

^ £ -o^- V )

m 9 et

10.7.5) f. f *
.
pY^Y,

cx :£

•s^^ 1

Y
+1

,Y YV f Y-

co _ 'A /> \ .
,

—

- €_ fv-ton , F
- n-o &

oZ-h
,
A . t

2 '

I

X

U_
( -pi C|

Y (aY^j3) (&JrY

oi-h
,

jl, Y
1

, I)

•• •

'.'
''

I

r-\to yo



which finally gives a generating reJL&tion

^ [CK-tS. ^)

Y 1

with action

The action of one parameter subgroup ^Cirtrjb' <x E'_..x/)

is found by standard U» - theoretic technique £20

Its computed by solving the differential eejua-tlons,

( 1 ) <A$(a.) -

when a = 0



/hen a_ = 0,

Lex) =

_ Beta)
[_

1— Xrf g) j-Li.)

p(o) = p

-S|>

3 -CL

c\^~

of 3£(a)

Sto)

ol^e

S-cc
-t* K>(a) [i-iHa)

j

dg.(a
h_i-f ct jOa)

f

9t ( C'-) J I ^ ^ .
~i"K

lo cj >6 ( a)

when a = 0,

X«0

'X (o.)

x (o) = X

y -

S-a.

lu*j (.&-&.) +

K = log -

*-(*)

r^ot-co.)

(iv) cA hL La.)

c\ Cc

cA u.(_ <x)

uC a)

U Co.)

^tr-S

Cl-^O C S-a)

XtS

cxCXr-l) + S

96 O) aCa)

17^)

XrS * <=W

^
a (*•-'> + sj (S-

u i s - a)

aU'^ + ^

So that

(_-e Xr^ ^
Mr-S ___

(X f X.*
1
)+

)



/

is-«.f ur Uplii 0=43
y

oy
c acx-o+D^ Ci^y Y

On tile other han4 by direct expansion it give:

JO. 8 .4) (_0 Xrjo Cv ^ J
Jrot«) t'ct

j3 p V r 1

<*3

c.
hrt '-O Du.

i
.

Uj,

GO

tr-‘(X

Vv -=tO 1)22.

Yv\

k \ 1

'^p>|3 rr

, r.

•: U-W\ U i ,V_Y'
* s u' t l M

Equating the two values of (-ete-jp E _<*k ^
y

we get the identity

.10 . 8 . 5 ) r L, ft,

a

1

r r ' _«
^ U 1 }

1 e.fV
y . 1 a(x-

r

1 ca LX- \)'-\rS

(S-a^^ <Jj^\-r X
r
's

OO . w r

= £. kLLfk— [r- °0m S* u.^ -t
^ V

-t
p
k Vr

•fa [*-*S (2'P'» r . y\ M]
finally

which gives a generating relation.

19*8.6)
^
clCX-O + S

^
( S-Cs)

c<+ ^" /
.

Kh ,pp r y —11 ; a (x
—

, J
-l)+S

t*0 '

- £_
op

.
•

•' c 4
'

1

•

(Y

X l ? i i

" yy\~o li2?

h i*-
mppp, y' Pt]

IQ. 9 ) How we employ the operator

L 0.9.1)

with action

u.'
1

\ 2 %
xs u eL

3 kS 3 M,

0-9-2) g t^yV k,|M,p.',rr



Computing action of one parameter subgroup (<

by usjial multiplier representation theory we

thft-se differential equations .

(i) c\ U ( a.)



>e(0 -- Lo^ (u-a)-tK

l
— 'yt-(cx)

*( a)

J S (a)

c;l Cv

d ^ ( a )

s(°)

5 O)

then K = logJ*d_
I
-x-

3fcU.

( l
- *r)

U - a(l'i-)

_ Xto^.SCa)
U(cx)

— .-i—
u- *O -*0 (

u~ s‘^

S (.U- a.)

a C X- 0 ~h ^

phu$

-.3) ( « ** a E _p) f* ppW - F.t- P-P ^ ’?

a,tx - 0+ u

• CU - a.)MV)r
_. r

(u-a)^
85

o-lx-O-v-^

. s rrvr
t’

4
'

^
a (_ >_ -

1 ) +u ^

^

On the other hand 'by direct expansion it yields.

n~o

oC y\ 6
t /

E- W £ Tr
|A — O

p ( *, fl-n, ^Y,i ±:



10 .JO) Now we use -the operator

10.10.1) p = wfh-l-)2_-

with action

Computing action of one parameter subgroup

( a E.y' )by usual multiplier represents.

tor

then Kwhen a = C



when a.
= 0



Oh the other hand by direct expansion it yields

Equating two values of (e^ a by) n

we arrive at the generating relation

with action

Computing action of one parameter sub

by usual multiplier representation th

-fcc S Olv e th es e differ e/nti a3.- ec^uati on

s





-
1

1

1

ttKro o~ -(~
c

< .1

_ i /

"oL|\ (2 YY

io.n.4) v"^r ^- y j

= € f' c

oo
•=• £- tv C^-^vi -f'^rivs'(r-r>)r

Voting two values of (e 3e [d <x F„ y ) ^
we arrive at the identity

h h-F-M . r r ', 4- (-^l3) 4iV

<(i [iV/

s'V’-F' C^t)
V
'’

1
J

Y

cO V\ 1 j N

€. (.v-vi^
> px (_o<,p, ji ,r-n,r,x,t)).

p\~ O -
'

, I

• s^JV t
Y

10 .0 . 5 )

10 . 12 )

10.12.1)

10. 12.. 2)

which finally gives the generating relation

\ h. (twiP' v, v
) *pa .

= °t kXT. ir-n), .fi t^YY'v-n.vF.n
la- :

n c-o

Lastly we use the operator

E
ex'

with action

C
»—o<

h

X

t P r . I

^ * jS
~

.

~y ^ N , $ >Y+\

Confuting action of one parameter subgroup

( e>o ) by usual multiplier representation

Theory we solve these equations



On the other hand by direct expansion we get

— >f x. (
<*,+•Vv |3»-hV)

P-th,s',^ni
|

o V7-V- y?
^

y"

Equating the two values of

f/ih i ch fi nal 1 y a ives relati on

T -t V) r
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